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Robert L. Brennan Individual Profiles

Abstract

This paper develops the basics of a test theory for characterizing an in-
dividual’s profile in measurement terms such as true score variance, observed
score variance, error variances, reliability-like coefficients, error-tolerance ratios,
decision-consistency indices, etc. This is accomplished by making use of well-
known statistical results (especially the analysis of variance identity), principles
from both univariate and multivariate generalizability theory, and other well-
known measurement results. It is shown that some lessons learned from the test
theory for single scores or score composites do not always generalize to profiles
of scores. This report is a work in progress that will be updated periodically as
new results and insights are developed.
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Given the wide use of profiles in many testing programs, it is perhaps sur-
prising how little literature is devoted to measurement characteristics of profiles.
Cronbach and Gleser (1953) published a seminal paper on the subject, but it is
over 50 years old. The primary purpose of this paper is to develop the basics
of a test theory for characterizing an individual’s profile in measurement terms
such as true score variance, observed score variance, error variances, reliability-
like coefficients, error-tolerance ratios, decision-consistency indices, etc. This
is accomplished by making use of well-known statistical results (especially the
analysis of variance identity), principles from both univariate and multivariate
generalizability theory, and other well-known measurement results. This re-
port is a work in progress that will be updated periodically as new results are
developed.

The initial, defining treatment of generalizability theory was provided over
30 years ago by Cronbach, Gleser, Nanda, and Rajaratnam (1972) in a book
entitled The dependability of behavioral measurements. Brennan (2001) provides
a recent extended treatment of the theory; Shavelson and Webb (1991) provide
a brief monograph that describes the basics of the theory. See Brennan (1997)
for a detailed discussion of the history of generalizability theory.

Brennan (2001) provides a treatment of the reliability of profiles from the
perspective of multivariate generalizability theory. However, his treatment fo-
cuses on the profile for a typical (i.e., randomly selected) examinee, as opposed
to the profile for a particular individual. This paper focuses on a specific indi-
vidual. As such, aspects of this paper borrow from the literature on conditional
error variance in multivariate generalizability theory (see, for example, Brennan,
2001, pp. 314–317).

The notation used in this paper is closely related to the notation in Brennan
(2001), with one very important difference. In this paper, unless otherwise
specified, all scores, means, and variances are for an individual person (say
p), not a population of persons. The p subscript is suppressed to simplify
notation. Note also that means and variances are over the variables (e.g., test
scores) referenced in the profile, or over replications of the profile in the sense
discussed later; means and variances are not over persons in some population,
unless so specified. To simplify matters somewhat, test items are assumed to be
dichotomously scored, although many results do not depend on this assumption.

True, Observed, and Error Variances

Let τv be the person’s true (or universe) score for variable v (v = 1, 2, . . . , k).
The variance of the k true scores is

σ2(τ) =
1
k

k∑
v=1

(τv − µ)2, (1)

where τv is the true score for variable v, and µ =
∑
τv/k.

Suppose the variables are locally independent (e.g., they do not share com-
mon items or stimuli). Then, the conditional (i.e., person-specific) profile error
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variance is defined as is the average of the ∆-type error variances for the k
variables:1

σ2(∆) ≡ 1
k

k∑
v=1

σ2(∆v), (2)

where the ∆-type error for variable v is

∆v ≡ Xv − τv, (3)

with Xv being the observed mean score for variable v. That is, σ2(∆) quantifies
(in a variance sense) the degree of similarity between an observed profile and a
true profile.

If observed scores are binomially distributed (i.e., items are dichotomously
scored), then Equation 2 becomes

σ2(∆) =
1
k

k∑
v=1

τv(1− τv)
nv

, (4)

where nv is the number of items contributing to an observed score for variable
v. Equation 4 is the mean-score metric version of Feldt’s (1984) conditional
error variance, which is the average over variables (or strata) of Lord’s (1957)
conditional error variance for each variable.

In practice, of course, we do not have a person’s true score profile, but we can
get the person’s observed score profile for any replication of the measurement
procedure. A replication for a person is defined as a set of k observed scores,
with the observed score for variable v based on a random sample of nv items.
For a particular replication, r, of the measurement procedure, the observed score
variance is defined as

S2(X) =
1
k

k∑
v=1

(Xvr −Xr)2, (5)

where Xvr is the observed score (in the mean score metric) for variable v and
replication r, and Xr =

∑
Xvr/k is the observed mean over the k variables. In

older literature, S2(X) or its square root is sometimes called the scatter in the
profile and Xr is sometimes called the elevation of the profile.

The expected value, E, (over replications of the measurement procedure) of
the observed score variance can be expressed as

ES2(X) = E

[
1
k

k∑
v=1

(Xvr −Xr)2
]
. (6)

That is, “on average,” the variance of the observed scores for a profile is given
by Equation 6.

1This is a special case of Equation 10.47 in Brennan, 2001, p. 314.
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Table 1: Some Notational Conventions
Variables

Replication v1 v2 . . . vk Mean Variance
1 X11 X12 . . . X1k X1 S2(X1)
2 X21 X22 . . . X2k X2 S2(X2)
...

...
... . . .

...
...

...
r Xr1 Xr2 . . . Xrk Xr S2(Xr)
...

...
...

...
...

...
...

Expected Value τ1 τ2 . . . τk µ ES2(X)
Variance σ2(∆1) σ2(∆2) . . . σ2(∆k) σ2(X)

It is not easy to use Equation 6 directly to obtain an expression for ES2(X)
in terms of true-score parameters, as in Equations 1 and 4. This can be accom-
plished, however, using the analysis of variance (ANOVA) identity. Consider a
matrix in which the k columns represent the variables in a profile and the rows
represent replications of the profile (see Table 1). The ANOVA identity states
that the total variance equals the average of the column variances plus the vari-
ance of the column means or, equivalently, the average of the row variances plus
the variance of the row means. That is, the ANOVA identity implies that

σ2(∆) + σ2(τ) = ES2(X) + σ2(X), (7)

where

• σ2(∆) is the average of the variances for the variables (i.e., columns),

• σ2(τ) is the variance of true scores τ1, τ2, . . . , τk (i.e., column expected
values) for the k variables,

• ES2(X) is the expected value (over replications) of the observed score
variance (for rows), and

• σ2(X) is the variance (over replications) of the means for the k variables
(for rows).

By definition,

σ2(X) ≡ σ2
r

(
1
k

k∑
v=1

Xvr

)
, (8)

where the r is used as a subscript to σ2 simply to emphasize that the variance
is over replications. When scores for the variables are locally independent and
binomially distributed,

σ2(X) =
1
k2

σ2
r

(
k∑
v=1

Xvr

)
=

1
k2

k∑
v=1

σ2
r (Xvr) =

1
k2

k∑
v=1

τv(1− τv)
nv

.
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Under these assumption, it follows from Equation 4 that

σ2(X) =
σ2(∆)
k

. (9)

Using the ANOVA identity in Equation 7 along with Equation 9, we can
now express ES2(X) in Equation 6 as:

ES2(X) = σ2(τ) + σ2(∆)− σ2(X) (10)

= σ2(τ) +
(
k − 1
k

)
σ2(∆). (11)

Using Equations 1 and 4, for binomially distributed variables

ES2(X) =
1
k

k∑
v=1

(τv − µ)2 +
(
k − 1
k

) k∑
v=1

τv(1− τv)
nv

. (12)

In generalizability theory it is traditional to denote the decomposition of
expected observed score variance as

ES2(X) = σ2(τ) + σ2(δ). (13)

Given this convention, it is evident from Equation 11 that

σ2(δ) =
(
k − 1
k

)
σ2(∆), (14)

where σ2(δ) is the average of the δ-type error variances for the k variables. For
any variable v, the δ-type error is

δv ≡ (Xv −X)− (τv − µ) = (Xv − τv)− (X − µ), (15)

where X =
∑
Xv/k is the observed mean over the k variables.2

There are at least two important points to emphasize about Equation 14.
First, it holds when variables are binomially distributed; it does not necessarily
hold when variables have other distributions. Second, σ2(δ) is functionally
related to σ2(∆), which does not occur in univariate generalizability theory.
This is the first hint that lessons learned from the test theory for single scores
or score composites do not always generalize to profiles of scores.

Reliability-like Coefficients

In conventional test theory (classical test theory, generalizability theory, etc.)
there are at least three definitions of reliability:

1. the correlation between “parallel” forms, which is the oldest definition;
2It is proven in the appendix that σ2(δ) = σ2(∆) − σ2(X), which proves the equivalence

of Equations 10 and 13.
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2. the squared correlation between observed and true scores, which is usually
regarded as the “canonical” definition; and

3. the ratio of true score variance to observed score variance, or one of its
variants such as 1 minus the ratio of error variance to observed score
variance.

Under the strict assumption of classically parallel forms, all three definitions are
equivalent (see Feldt & Brennan, 1989). Under weaker assumptions, the three
definitions tend to be approximately equivalent. This is also the case for profiles
as discussed in this section.

It is particularly important to note, however, that here the definition of
true score variance is the variance of true scores (over variables) for a particu-
lar person. In conventional treatments of reliability, true score variance is the
variance over persons of true scores. Hence, the mathematics here will look
familiar to readers who are knowledgeable about definitions of reliability, but
the interpretations here are quite different from traditional interpretations.

The first definition can be formulated for profiles as

ρ(X,X ′) =
σ(X,X ′)
σ(X)σ(X ′)

,

for any two randomly parallel profilesX and X ′, where each such profile consists
of observed mean scores based on random samples of the same set of nv values.
Over a universe of randomly parallel profiles, this definition can be viewed as

E ρ(X,X ′) .=
E σ(X,X ′)
ES2(X)

, (16)

where the expectations for the correlation and covariance are taken over all pairs
of randomly parallel profiles (i.e., replications).3 By definition, the expected
value of the covariance is

E σ(X,X ′) = E

[
1
k

k∑
v=1

(Xvr −Xr)(Xvr′ −Xr′)

]
, (17)

where r and r′ designate different replications. Since the expected value of a
sum is the sum of the expected values, and since profiles are based on different
sets of independent samples of items,

E σ(X,X ′) =
1
k

k∑
v=1

E
[
(Xvr −Xr)(Xvr′ −Xr′)

]

=
1
k

k∑
v=1

E(Xvr −Xr)E(Xvr′ −Xr′)

=
1
k

k∑
v=1

(τv − µ)2 (18)

= σ2(τ). (19)
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It follows that

E ρ(X,X ′) .=
σ2(τ)
ES2(X)

, (20)

which is equivalent to the third definition of reliability.
The second definition of reliability can be formulated for profiles as

ρ2(X, τ) =
[σ(X, τ)]2

σ2(X) σ2(τ)
.

Over a universe of replicated profiles, this definition can be viewed as3

Eρ2(X, τ) .=
E [σ(X, τ)]2

ES2(X) σ2(τ)
. (21)

A simpler expression for this equation is unknown to the author. However, if it
is assumed that E [σ(X, τ)]2 is approximately equal to [E σ(X, τ)]2, then4

Eρ2(X, τ) .=
[σ2(τ)]2

ES2(X) σ2(τ)
=

σ2(τ)
ES2(X)

, (22)

which is equivalent to the variance-ratio definition of reliability—the third def-
inition discussed previously.5

The remainder of this paper will use the variance-ratio definition of reliability
primarily. Specifically, we consider the profile generalizability coefficient

Gp =
σ2(τ)

σ2(τ) + σ2(δ)
=

σ2(τ)
ES2(X)

= 1− σ2(δ)
ES2(X)

, (23)

and the profile dependability coefficient

Φp =
σ2(τ)

σ2(τ) + σ2(∆)
= 1− σ2(∆)

σ2(τ) + σ2(∆)
. (24)

Roughly speaking, Φp quantifies profile consistency in the sense of the similar-
ity of scatter in scores (universe vs. observed), whereas Gp quantifies profile
consistency in the sense of the similarity of scatter in the scores after the av-
erage elevation of scores (universe vs. observed) is removed. Note, again, that
for both coefficients observed score variance and true score variance are for the
individual person, not over persons.

Using Equation 14, an alternative expression for Gp is

Gp = 1− (k − 1)σ2(∆)/k
ES2(X)

. (25)

3This is an approximation because the expected value of a ratio is greater than or equal
to the ratio of the expected values. That is, the right side of the equation is a lower limit.

4Limited experience suggests to this author that this assumption is often reasonable. Tech-
nically, however, using a version of Cauchy’s Inequality or Chebyshev’s Inequality, it can be
shown that E [σ(X, τ)]2 ≥ [E σ(X, τ)]2. Since E σ(X, τ) = σ2(τ), it follows that the result in
Equation 22 is less than or equal to the result in Equation 21.

5Strictly speaking, Eρ2(X, τ) ≥ E ρ(X,X′) ≥ σ2(τ)/ES2(X).
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Using Equations 7 and 9, an alternative expression for Φp is

Φp = 1− σ2(∆)
ES2(X) + σ2(∆)/k

. (26)

It can be shown that6

Φp =
[
1 +

k

k − 1

(
1
Gp
− 1

)]−1

. (27)

Similarly,

Gp =
[
1 +

k − 1
k

(
1

Φp
− 1

)]−1

. (28)

Estimators of Reliability-like Coefficients

Clearly, in most real-data situations, for any given person we seldom have more
than one profile. That is, we typically have only a single replication of the profile
for a person. Even so, Gp and Φp can still be estimated. This is facilitated by
noting from Equations 25 and 26 that Gp and Φp depend only upon k and the set
of nv sample sizes (which are specified a prior), as well as σ2(∆) and ES2(X),
which are easily estimated.

An estimator of ES2(X) is simply the observed score variance for the profile:

Est [ES2(X)] = S2(X) =
1
k

k∑
v=1

(Xv −X)2. (29)

For k independent binomially distributed variables, an unbiased estimator of
σ2(∆) in Equation 4 is (see Feldt, 1984, and Lord, 1957):

σ̂2(∆) =
1
k

k∑
v=1

Xv(1−Xv)
nv − 1

. (30)

Using these estimators in Equation 25, it follows that a computational for-
mula for Ĝp is

Ĝp = 1−

k − 1
k2

k∑
v=1

Xv(1−Xv)
nv − 1

1
k

k∑
v=1

(Xv −X)2
. (31)

Similarly, using Equation 26, a computational formula for Φ̂p is

Φ̂p = 1−

1
k

k∑
v=1

Xv(1−Xv)
nv − 1

1
k

k∑
v=1

(Xv −X)2 +
1
k2

k∑
v=1

Xv(1−Xv)
nv − 1

. (32)

6First derived by Ping Yin, March, 2005.
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As discussed next, however, these estimators should be used with caution.
From Equations 23 and 24, it is evident that Gp ≥ Φp, as in univariate

generalizability theory. Given this fact, and using the expressions for Gp and Φp
in Equations 25 and 26, respectively, it is easy to show that

ES2(X) ≥ σ2(∆) (33)

for binomially distributed variables. It is important to note, however, that this
result is expressed in term or parameters, not estimates.

In terms of estimates, the observed score variance for a given profile could
be larger, smaller, or equal to σ̂2(∆). (Consider, for example, the trivial case
in which the observed profile is flat, resulting in an observed score variance of
0.) If the observed score variance for a profile is less than σ̂2(∆), then we will
have the paradoxical result that Ĝp < Φ̂p using Equations 31 and 32. Such a
result is most likely to occur when an observed score profile is relatively flat
with variable mean scores not too far from .5. Note also that it is evident from
the form of Equations 31 and 32 that Ĝp and Φ̂p can be negative when the
examinee’s observed score variance is small.7

These characteristics of these particular estimates of Gp and Φp may mean
that they have limited utility in some circumstances. In any case, it is always
wise to examine the component parts such as X, S2(X), σ̂2(∆), and σ̂2(δ).

Other Perspectives on Profile Reliability

Are there relationships between the person-level (or conditional) coefficients Gp
and Φp and the traditional generalizability coefficient (Eρ2) and Phi coefficient
(Φ) that are defined over a population of persons? Some, but not many. Suppose
we formulate the context as one in which a composite is defined as a simple
average of the k variables. Then, for example:

• The overall error variance in Φ (for the composite) is identical to the
average over persons of σ2(∆) given in Equation 4.

• There is no simply relationship between the overall error variance in Eρ2

and the average over persons of σ2(δ) given in Equation 14. The essential
reason is that the definition of δ in Eρ2 involves deviating observed and
universe scores from their means over persons, but the definition of δ in
Gp is an intraindividual definition.

• Both true score variance and observed score variance are defined within
the person for Gp and Φp, but they are defined over persons for Eρ2 and
Φ.

7As S2(X)→ 0, Ĝp → −∞ and Φ̂p → (1−k). Negative values can also occur for traditional
coefficients in which observed score variance is over a population of persons, but negative values
are a much more likely occurrence for Ĝp and Φ̂p than for traditional coefficients.

8



Robert L. Brennan Individual Profiles

For expository purposes, to make the above comparisons it was assumed that
a composite was of interest and it consisted of equally weighed components.
These assumptions, however, are not necessary (and not necessarily reasonable)
when interest focuses exclusively on profiles. That is, the existence of a profile
does not imply that a composite of any particular type must be formed, and
profile reliability is conceptually and mathematically different from traditional
perspectives on reliability.

Error-Tolerance Ratios

Various indices of measurement precision are discussed by Kane (1996). In par-
ticular, he defines an error–tolerance ratio (E/T ) as the root mean square of the
errors of interest divided by the root mean square of the tolerances of interest.
E/T will be small if errors are small relative to the tolerances, suggesting that
measurements have substantial precision for the intended use. Suppose, for ex-
ample, that the error root mean square is σ(∆) and the tolerance root mean
square is the standard deviation of the examinee’s true scores, σ(τ). Then,

E/T =
σ(∆)
σ(τ)

. (34)

Under these circumstances, it is easy to show that

E/T =

√
1− Φp

Φp
, (35)

and
Φp =

1
1 + (E/T )2

. (36)

Similar relationships hold for E/T and Gp when the root mean square of the
errors of interest is σ(δ) and the tolerance is σ(τ).

The notion of an error-tolerance ratio is not restricted to situations involving
square roots of variances. For example, suppose there is some target or criterion
profile defined as λv = λ for all v. Then, the error for variable v is

(Xv − λ)− (τv − λ) = Xv − τv = ∆v.

This means that E = σ(∆), which is indeed a standard deviation. However, the
tolerance for an individual examinee is

T =

√√√√1
k

k∑
v=1

(τv − λ)2, (37)

which is not a standard deviation. In this case, it is easy to show that

E/T =
σ(∆)√

σ2(τ) + (µ− λ)2
. (38)

9
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Equations 35 and 35 suggest a much tighter linkage between Φp and an
error-tolerance ratio than is necessarily the case. In particular, the tolerance
need not be defined as σ(τ) for the individual examinee. For example, tolerance
could be defined as the square root of the expected true-score variance over a
population of persons; i.e.,

T =
√
Ep σ2

p(τ), (39)

where σ2
p(τ) is the true score variance for examinee p, and Ep designates the

expected value over the population of persons. In this case, error variability for
a particular examinee is compared to the magnitude of true score variability for
a “typical” examinee.

Alternatively, tolerance could be defined as the square root of the average
(over variables) of the true score variance (over persons); i.e.,

T =

√√√√1
k

k∑
v=1

Ep[τpv −Ep(τpv)]2, (40)

where τpv is the true score for examinee p on variable v. Under this definition of
tolerance, suppose that E/T = 2, with E defined as σ(∆). Roughly speaking,
this means that there is twice as much error variability in the particular exami-
nee’s observed scores as there is variability among all examinees’ true scores for
the k variables.

As another example, tolerance could be defined as the standard deviation
(over examinees in the population) of the examinees’ true composite scores; i.e.,

T =
√
Ep[µp −Ep(µp)]2, (41)

where µp is the true composite score for examinee p. Under this definition of
tolerance, suppose that E/T = 2, with E defined as σ(∆). Roughly speaking,
this means that there is twice as much error variability in the particular exami-
nee’s observed scores as there is variability among all examinees’ true composite
scores.

These examples illustrate that a measure of tolerance scales error in a manner
that the investigator judges useful for some purpose. There is no “right” answer
to what the tolerance should be. It is even possible that the tolerance might
vary for different examinees or different groups of examinees.

Profile Stability

In general, we define profile stability for an individual examinee is the extent to
which observed profiles are stable over replications with respect to shape and/or
elevation. We quantify profile stability in the sense of shape (PSS ) as a root
mean squared error for two randomly selected replications; specifically,

PSS ≡

√√√√1
k

k∑
v=1

E(Xvr −Xvr′)2, (42)

10
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where the expectation is taken over pairs of replications, r and r′. Since Xvr

and Xvr′ share the same true score, it follows that

PSS =

√√√√1
k

k∑
v=1

E(∆vr −∆vr′)2

=

√√√√1
k

k∑
v=1

2σ2(∆v)

=
√

2σ(∆). (43)

It is instructive to compare the definition of PSS in Equation 42 with the
definition of σ(∆) (see Equations 2 and 3):

σ(∆) ≡

√√√√1
k

k∑
v=1

E(Xvr − τv)2, (44)

which quantifies the extent to which the profile of observed scores matches the
profile of true scores. The additional error involved in comparing two observed
profiles (rather that one obvserved profile and the true profile) gives rise to the√

2 multiplier in Eqaution 43.
PSS quantifies the extent to which the shape of an observed profile is stable

for two randomly selected replications. We can use the same logic to quantify
the extent to which the elevation (E) of an observed profile is stable for two
randomly selected replications; specifically,

PSE ≡
√
E(Xr −Xr′)2. (45)

It follows that

PSE =
√

2σ(X) =

√
2
k
σ(∆), (46)

where the last equality follows from Equation 9 for locally independent, bino-
mially distributed variables.

Decision Consistency

All of the measures of individual profile reliability discussed so far share one
characteristic in common—they all use a squared-error loss definition of error.
Threshold-loss error in the context of decision consistency provides an alterna-
tive perspective. (See Kane & Brennan, 1980, for a detailed consideration of loss
functions and traditional coefficients.) In traditional treatments of reliability,
decision consistency is defined as the proportion of examinees classified in the
same manner on two administrations of a test or two forms of the same test.
When data are available for only one form administered once, the comparison
is between

11
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• scores for two hypothetical replications of the measurement procedure, or

• the actual scores and scores for one hypothetical replication.

Here we will focus on comparisons of the second type.
For an individual’s profile, we conceptualize decision consistency as the pro-

portion of replicated profiles that share a defined characteristic. For example,
suppose an examinee’s observed profile of k = 4 scores were {X1 = .8, X2 = .6,
X3 = .9, X4 = .5} based on {20, 10, 20, and 8} items. Variable 3 can be viewed
as a strength for the examinee since the examinee’s score on the third variable is
the largest. Consequently, an investigator might be interested in the proportion
of profiles that share this characteristic. Similarly, variable 4 can be viewed as a
weakness, and an investigator might be interested in the proportion of profiles
that share this characteristic. As a more complicated example, an investigator
might be interested in the proportion of profiles for which scores for variables 1
and 3 are the largest.

These types decision consistency indices are easily obtained by comparing
the actual profile to some number (R) of replicated profiles that can be generated
using the binomial distribution or a bootstrap procedure. Let us consider the
binomial procedure first.

Binomial procedure. Recall that we are assuming that each of the k variables
have independent binomial distributions with parameters nv and τv. Since we
do not know the τv values, we use the Xv values.8 Then, the steps are as follows:

1. For each of the variables, obtain a binomial random variable and divide
it by nv to convert it to the mean score metric. The resulting k scores
constitute a replicated profile.

2. Compare the actual profile to the replicated profile to determine if there
is a match relative to the defined characteristic.

3. Repeat the first two steps R times.

4. The resulting proportion of matches is the decision consistency statistic
for the defined characteristic.

Bootstrap procedure. The bootstrap procedure, or more correctly the strati-
fied bootstrap procedure, involves the same four steps as the binomial procedure,
except that Step 1 is altered as follows. For each of the k variables, v, take a
random sample with replacement of size nv from the actual nv 0/1 item scores.
The means for these k bootstrap samples constitute a replicated profile. As
R→∞, the bootstrap procedure and binomial procedure (using Xv in place of
τv) give results that are progressively closer to each other.

Overlapping confidence intervals. It is relatively common practice for test
publishers to produce score reports in which a confidence interval is placed

8Of course, if we have better estimates of the τv , we can use them. An obvious possibility is
to use regressed score estimates, if one is willing to “borrow” information from other examinees.
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around each score in a person’s profile. Almost always the width of each in-
terval is two standard errors of measurement, and the person is usually told
something like, “If any two intervals for your scores overlap, then your level of
achievement for the two tests is likely the same.” This common practice raises a
number of questions about overlapping confidence intervals, some of which are
discussed by Brennan (2001, pp. 317–320) under normality assumptions. Here,
we outline how answers to such questions might be obtained without making
such assumptions.

Consider the example introduced above, and recall that Lord’s (1957) esti-
mated standard error of measurement is

σ̂(∆v) =

√
Xv(1−Xv)
nv − 1

.

It follows that the profile statistics and confidence interval limits are:

nv 20 10 20 8
Xv .8 .6 .9 .5
σ̂(∆v) .0918 .1633 .0688 .1890
upper limit .89 .76 .97 .69
lower limit .71 .44 .83 .31

Therefore, for the actual data, the confidence intervals overlap for variables
1 and 2, 1 and 3, and 2 and 4. Using either the binomial or the bootstrap
procedure we can obtain a replicated profile, perform the same computations,
and compare results for the actual and replicated profile. We can do this R
times to obtain numerous types of results such as:

• the proportion of times that confidence intervals overlap for variables 1
and 2,

• the proportion of times that confidence intervals overlap for variables 1
and 3,

• the proportion of times that confidence intervals overlap for variables 2
and 4.

• the proportion of times that confidence intervals overlap for variables 1
and 2, 1 and 3, and 2 and 4.

A limitation. Assessing decision consistency using the binomial or bootstrap
procedure in the manner discussed here has considerable practical utility but it
has a theoretical limitation. Specifically, for both procedures we are essentially
conditioning on the examinee’s observed mean scores rather than the true scores.
A worthy topic for research is the extent to which this limitation has meaningful
consequences for the types of decision consistency indices discussed here.
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Concluding Comments

In this paper, a profile replication for a person has been defined as a set of k
observed scores, with the observed score for variable v based on a random sample
of nv items. Sometimes this random sampling assumption may not be tenable,
but often it seems rather reasonable. For example, in many large-scale testing
programs, diagnostic profiles for a particular form of a test are reported based
on raw scores in the sense of proportions of items correct in k diagnostic areas.
Presumably, for a different form of the test, different items would contribute to
each of the diagnostic areas, but the profile would still consist of raw scores. If
so, with forms viewed as replications, the random sampling assumption seems
reasonable defensible, even though not strictly true.

For the theory discussed thus far in this paper, the sample size pattern (i.e.,
n1, n2, . . . , nk) must be the same for each replication. However, for diagnostic
profiles, it is often the case that the test specifications do not require fixed
sample sizes for the diagnostic areas. If so, the results discussed in this paper
might be reported for various likely sample size patterns—not just the pattern
in the test form under consideration.

As noted in a previous section, if an observed profile is flat or close to flat,
S2(X)→ 0 and Equations 31 and 32 will tend to be negative. In one sense, this
can be useful information in that it indicates that the true score profile is also
very likely to be flat. Note that the likelihood of a negative-estimate could be
mitigated by inducing some variability into S2(X). One ad hoc approach that
might be worthy of study is to use a bootstrap procedure to get multiple values
of S2(X) for the examinee and then average over these values.

Consider the case in which examinee composite scores are provided for a
test or battery consisting of k parts. If the reliability of the composite scores
in the traditional sense is high, it is very likely that individual profiles will be
relatively stable over replications. However, high composite reliability in the
traditional sense implies nothing about the shape of the profiles. Indeed, all or
most of them could be (nearly) flat. As noted previously, lessons learned from
the test theory for single scores or score composites do not always generalize to
profiles of scores.

Appendix: Proof that σ2(δ) = σ2(∆)− σ2(X)

By definition, σ2(δ) is the average of the δ-type error variances for the k vari-
ables; i.e.,

σ2(δ) ≡ 1
k

k∑
v=1

σ2(δv), (47)

where the δ-type error is given by Equation 15, namely,

δv ≡ (Xv −X)− (τv − µ) = (Xv − τv)− (X − µ).
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For any variable v the δ-type error variance is

σ2(δv) = E[(Xv − τv)− (X − µ)]2,
= σ2(∆v) + σ2(X)− 2E[(Xv − τv)(X − µ)],

where the expectation is taken over replications. Now, using the definition of
σ2(δ) in Equation 47 and the fact that σ2(∆) ≡

∑k
v=1 σ

2(∆v)/k,

σ2(δ) = σ2(∆) + σ2(X)− 2
k

k∑
v=1

E [(Xv − τv)(X − µ)]

= σ2(∆) + σ2(X)− 2
k
E

{
k∑
v=1

[(Xv − τv)(X − µ)]

}

= σ2(∆) + σ2(X)− 2E

[
(X − µ)

k∑
v=1

Xv − τv
k

]

= σ2(∆) + σ2(X)− 2E(X − µ)2

= σ2(∆)− σ2(X).
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